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Goal, setting and motivations

Goal, setting and motivations

Definition (Homogeneous Sobolev and Besov spaces)

Let p,g € [1,+0], p# 1, s € R, k € N, we define homogeneous
Besov and Sobolev spaces on R?

WHP(RY) := {1 € SH(RY) | |ul jpungrey < +00},
B o(RY) = {u € SH(RY)] [lullgy oy < +o0 ),

Q=

||U||Wk,p(Rd) = HvkuHLP(Rd)' ”UHB;’q(Rd) = (kgzzqksHAkqup(Rd))
where
8, (RY) := {u € §'(RY) | ©(AD)u A%‘i 0,V0 € C(RY)}

with (A;);

7 an homogeneous Littlewood-Paley decom
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Few remarks,

o We set X(Ri) = X(]Rd) where X € {W*P B} 1.

.
g
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Few remarks,

o We set X(Ri) = X(]Rd) where X € {W*P B} 1.

.
g

o WSP, B;,q are complete iff s < %, orif g=1 when s = %.
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Goal, setting and motivations

Few remarks,
o We set X(]Rd) X(]Rd)‘ % where X € {W*P B} 1.
° WS’P7 B;,q are complete |fF s < 5, or if g=1 when s = %.
° WS»P(]Ri), Bg’q(Ri) have both a trace theorems s > % or

_ _1
q—lwhens—p,

< <
16l gy Vol weoiagy Nl oy % ol e

still true for WSvP(Ri),Bf,?q(]Ri) with above exponents
conditions (completness & trace theorem).
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Goal, setting and motivations

Few remarks,

o We set X(]Ri) = X(Rd) where X € {W*P B} 1.

\Ri'
o WSP, B;,q are complete iff s < %, orif g=1 when s = %.

o WSP(RY), B ,(RY) have both a trace theorems s > % or

_ _1
q—lwhens—p,

lll,, o

- bocaory S ltllwsogesy el oy S ol o)

p,qP(Rdfl)

still true for WSvP(Ri),Bf,?q(]Ri) with above exponents
conditions (completness & trace theorem).
e v = —¢q4 being Ri's exterior normal, we may define

. . S S
p,q,D(Ri) = { uc Bp,q(Ri) | U(', O) =0in Bqup(Rd l)}

. . . 5717l _
B;,Q,N(Ri) ={ue B;q(Ri) | Oxsu(+,0) =0in By q p(Rd 1) }

for s (resp. s — 1) satisfying previous conditions.
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Goal, setting and motivations

55l li2p

2p . ywlp 2, /2P . /2P
SetWD = Wy" n WP, W5 = W5 ,

WP = {u € WP |8,u =0}, Wi == W3

-2
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Goal, setting and motivations

2,p . /lp 2.p 14/2P . 5pl iz
Set W2P = WLP 0 W2P, W2P = W2 ,

: —= e,
W2P = {u e W2P|0,u =0}, WP .= w2» """
Questions.
. 2,
1) Is it true that (LP(RY), WZP(RY))p,q = B2 ,(RY)?

e 2) Is there already some results in this direction ?
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Goal, setting and motivations

, ——lllyp2,
Set W%P — W(;LP N W2,p’ Wé:P = Wé,p W2P,
: —5=llz,
W2P = {u € W2P|9,u =0}, W2 .= w2 """
Questions.
o 1) Is it true that (LP(RY), W2P(RY))g,q = B2 ,(RY)?

e 2) Is there already some results in this direction ?

e 3) Why investigate such kind of properties?
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Goal, setting and motivations

Question 3) : Why ? Because of a Da Prato-Grisvard theorem :

Theorem (Danchin, Hieber, Mucha, Tolksdorf - 2020)

If X N D(A) = D(A), with " D(A) = D(A) """

Writing D 4(6, q) = (X, D(A))s.q for (6,q) € (0,1) x [1,+00), for
g€ [l,+00), 0 €(0,7), and T € (0, +oc].

For any f € L9(0, T; D4(0, q)), uo € @A(Hq, q),

Jlu e CO[0, T), D.A(0q, q)), satisfying
Oru+ Au="fon (0, T), and u(0,-) = up

3C(0,q,A) > 0, such that

1ull oo 0,79 a(0.a)) T 19¢llLaqo, ;0 a(0.)) T IMAUllLa(0, 75 40.0))

< C(|If g upl|+
< € (IFllago, 0 ac0.00 + 140015 46,0
e —



Goal, setting and motivations

Question 2) : Already few results ? Yes, see Davide Guidetti 1991.
Few remarks :
e 1) Only for inhomogeneous Besov spaces B ,(£2).
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Goal, setting and motivations

Question 2) : Already few results ? Yes, see Davide Guidetti 1991.
Few remarks :

e 1) Only for inhomogeneous Besov spaces B ,(£2).

e 2) For Q, to be RY, or a smooth bounded domain.

Guidetti's strategy : build elliptic regularity/resolvent estimates
involving the desired boundary conditions in Besov spaces to
construct pre-image.
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Goal, setting and motivations

Question 2) : Already few results ? Yes, see Davide Guidetti 1991.
Few remarks :

e 1) Only for inhomogeneous Besov spaces B ,(£2).

e 2) For Q, to be RY, or a smooth bounded domain.

e 3) Very general boundary conditions with smooth coefficients

(Lopatinskii-Shapiro boundary conditions).

Guidetti's strategy : build elliptic regularity/resolvent estimates
involving the desired boundary conditions in Besov spaces to
construct pre-image.
Its general result gives obviously the inhomogeneous counterpart of
the desired result :

Theorem (Guidetti - 1991)

For J € {D,N}, p € (1,+c0), 8 € (0,1), q € [1,+0oc],
(LP(RYL), WZP(RY))o,q = BY, 7(RL).
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Goal, setting and motivations

Question 1) Is (LP(RY), W2P(RY))g g = B2 (RY)? Yes, up to
density argument.
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Goal, setting and motivations

Question 1) Is (LP(RY), W2P(RY))g g = B, ;
density argument.
e Indeed, from above theorem, and obvious embeddings we get

(R9)? Yes, up to

(LP(RY), WFP(RY))o,q — (LP(R), WP (RY))o.q
< (LP(RY), W*P(RY))o,q = Bylg(RY),
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Goal, setting and motivations

Question 1) Is (LP(RY), W2P(RY))g g = B, ;
density argument.
e Indeed, from above theorem, and obvious embeddings we get

(R9)? Yes, up to

(LP(RY), WFP(RY))o,q — (LP(R), WP (RY))o.q
< (LP(RY), W*P(RY))o,q = Bylg(RY),

so by dilation argument
||U||Bg§q(u§d [ ]l (Lp(RY), V2 2P(RY)))g,q ~ Sllu ||B20 L (RY) -

Vu € LP(RY) N WZP(RY) = W2P(RY). Hence it suffices to proves

that W2’p(Rd) is dense in B2’

a0, J(Ri) when the latter is complete.
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Laplacians in homogeneous Besov spaces

Laplacians in homogeneous Besov spaces

Proposition (G. 2021)
Let p€ (1,+0), g€ [1,40), s € (—%, %) v € (0,%), for all
AeX,, forany f e B;q(Ri), there exists a unique
u € By (RY) N B2 (RY) such that
Au—Agu=finRE,

with estimate

1
H 2
Al sy qag) + AE IV lls, e + 924

. < .
B, re) S IFllgs (me)-

{(A = Ag)‘l_},\ezy is a family of Banach isomorphisms from

Bs.o(RY) to B5 o (RY) N B2 (RY).
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Laplacians in homogeneous Besov spaces

Theorem (G. 2021)

Let 7 € {D,N}, for p € (1,4+), g € [1,+), s € R, the
operator

—Ag: B5, 7(RY) — BSA(RY)

is an isomorphism of Banach spaces whenever

— 1 d _14d _
oij,p<s<porsfp,pandqf1,

o j:/\f,1+%<s<%ors:1+%,%andq:1.
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Density and interpolation results

Density and Interpolation results

Proposition (G. 2021)
Let p € (1,+00), g € [1,400), s € (0,2), we have that

—s———lI'llgs (gd .

7 Bs J®d) d

WJ”(RS"r) Pa s fB;,qJ(RJr)

whenever

1 d 1

° = = 2 ==
J D,p<s<pors o
s

e J=N,1+2<s<Zors=1+71,
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Density and interpolation results

Hence

Theorem (G. 2021)
For 7 € {D,N}, p € (1,4+0), 6 € (0,1), g € [1,4+00], with either

e 0 € (0, 2%), and g € (1, +00),

o 96(0,%], and g =1,

(LP(RY), W2P(RY))s.q = BY, 7(RL).
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An application with the Hodge Laplacian

An application with the Hodge Laplacian

The particular case when d = 3 on 1-forms (vector fields). For
ue W2P(R3,C3),

—Ayu = curlcurl u — Vdiv u,
with BC

[u-v=0vxcurlu=0]or[uxv=0, (divu)r =0].
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An application with the Hodge Laplacian

An application with the Hodge Laplacian

The particular case when d = 3 on 1-forms (vector fields). For
ue W2P(R3,C3),

—Ayu = curlcurlu — Vdiv u,
with BC
[u-v=0vxcurlu=0]or[uxv=0, (divu)r =0].
In this case (restricted to vector fields),

(L2, Dp(An))o.q = [Brlgp x (Bign)?] or (B3 p) x (Bog )]
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Extension to differential forms

Extension to differential forms

Let A :=AcR >~ c? being the complex exterior algebra over R,
we define

° X(Ri, A) for differentials forms whose coefficients are in
X(Ri), X e{wsP. B; .}
e A and . are respectively the exterior and interior product.

e d and 0 stand for the exterior and interior derivatives.
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Extension to differential forms

Extension to differential forms

Let A :=AcR >~ c? being the complex exterior algebra over R,
we define

° X(Ri, A) for differentials forms whose coefficients are in
d : ;
X(RS), X e {W*P, B} .}.
e A and . are respectively the exterior and interior product.
e d and ¢ stand for the exterior and interior derivatives.

e All previous results remain true for boundary conditions
uAv =0 and v _Ju=0, due to symmetry properties in Ri :

vAu=0 <= 2971 scalar coordinates u(-,0) = 0,

vaou=0 < 2971 scalar coordinates uy/(-,0) = 0.

it reduces to scalar case.
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Extension to differential forms

e The same goes with both type Hodge boundary conditions :

vAu=0,v.du=0 <= 297! scalar coordinates ur(-,0) =0,
2971 scalar coordinates Oy, up(-,0) =0,
viu=0,uAdu=0 < 29! scalar coordinates up(-,0) =0,

2971 scalar coordinates d,,u(-,0) = 0.

e Application : the Hodge Laplacian —Ay = dd + dd with one of
above BC. Its LP-domain is D,(Ag) = (W5P)2" " x (WeP)¥ ™,
with homogeneous interpolation spaces

. . d—1 d—1
(LP, Dp(Aw))o.g = (Bigp)® < (Bigwn)
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Extension to differential forms

Thank you for your attention.
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